Math 279 Lecture 10 Notes

Daniel Raban

September 28, 2021

1 Kolmogorov’s Continuity Theorem for Rough Paths and
Candidates for the Lift of Brownian Motion
1.1 Kolmogorov’s continuity theorem for rough paths

Recall that if A(z fo fo is)‘)dtds with ¥,p : [0,00) — [0,00) increasing,

(It—sl)

¥(0) =p(0) =0 and P (00) = o0, then

o)< [ (32 pta

For example, if 1(r) = 7 and p(r) = r**%/¢ with ¢ > 1 and a > 0, then

2(t) - 2(5)] < colg. @) Ala) /2t — 5o~ 1/s,

T|l’
dtd
A =

then z is Holder continuous of exponent av — 1/¢. In particular, if z is randomly selected
according to a probability measure P and E[|z(t) — 2(s)|9] < co|t — 5/%9, then

T T
x)] < co/ / [t — 5P dt ds < oo
o Jo

it > a. In summary, if we have this L? bound on z(t) —x(s), then z is Hélder of exponent
v € (0,8 —1/q). This is also true for z : [0, T]% — R If (E[|2(t) — 2(s)]9])Y9 < ¢olt — s|P,
then x is Holder of exponent v € (0,5 — d/q).

Here is a version of Kolmogorov’s continuity theorem that involves rough paths:

In summary, if

Theorem 1.1. Let z: [0,T] — R? and its lift X : [0, T]?> — R* satisfy Chen’s relation:

X(s,t) = X(s,u) + X(u, t) + x(s,u) @ z(u,t).



Let ¢ > 2, B> 1/q, and assume that there exists a constant co such that (E[|z(s,t)|9])"/? <
colt — 5% and (E[(\/]X(s,1)])4))/9 < co|t — s|°. Then there is a version of x = (x,X) such

that q .
z(s,t) 1X(s,t)|
sup ————— | + | sup Y—>-—""~ < 00,
e sl ) T\ sl

Proof. Without loss of generality, assume 7' = 1. Take a dyadic approximation of [0, 1]:
set D, = {j/2":0,1,...,2"}, and let D = J,;2 | Dy, which is dense in [0, 1]. Set

E

provided that o < 3.

Ap = sup |z(t+27") —z(t)| = sup |z(t,t +27"), B, = sup [X(t,t +27")]
t€Dn t€Dn t€Dn

Let s,t € D with s < t, and pick m so that 1/2™H < |s —¢| < 1/2™. Pick 0 € [s,t] N Dy,
which exists because |s — t| > 1/2™. Then
2(t) = 2(s)] < |2(t) —x(0)] + |2(60) — (s)|.

Now write the dyadic expansion ¢ — 0 = g% + 524 + -+, so [z(t) —2(0)] < >_,5,, A
Doing the same with the second term,

<2) A

n>m

Hence,

|z (t) — x(s)]

’t — 5"7 < ‘.%'(t) - m(s)p(m-ﬁ-l)’y

< 97+1 Z A, 2™

n>m

< ortl Z A2

n>m
So we get the bound

|z(t) — 2(s)| .
! — v+1 ny
sup t—sp <2 nEZO Ap2™7,

We want to get a bound on the L? norm of this:

(E Ksup 'm(ﬁ)__jv(s)'ﬂ)l e S (el

On the other hand,

Al = sup |x(t+27" |q<Z\xt+2 —z(t)]9,
teDy teD,,



and taking expectations gives

E[A7] < D Ellz(t+27") —2(t)|]
teDp
< clonamh,

This gives the L? norm bound
(E[AI)Y9 < ¢g2B=1/9),

Hence,
_ N\ /e
<E [(sup ’w((;) ~%|'§3)|) :|> < 6027—1—1 22—n(5—1/q—7) < 00
—s

ifty<pg—1/q.
As for X(s,t), we do likewise. Let s,t,60 be as above and use

X(s,t) = X(s,0) +X(0,t) + x(s,0) @ x(0,1).

We get

2
[X(s,8)] <271 Y Bu2™ + (Z A) :
n n

and we can repeat the above argument.
This would give us the regularity of z (resp. X) restricted to D (resp. D?). Then set

Z(t) = lim¢, —¢ x(t,), and we can show that = Z almost surely:
tn€D

Elle(t) = Z(t)[] = E | lim |2(t) — z(tn)
< liminf E|z(t) — z(tn)]]

SCO|t_tn|B

=0. O

1.2 Candidates for the lift of Brownian motion

We now offer two candidates for the lift of an ¢-dimensional Brownian motion, namely It6
and Stratanovich. Define

B'*(s,t) = A(s,t) — B(s)(B(t) — B(s)),
with
A(s,t) = lim Y. B(t)(B(ti) - B(1)).

n—o00
t; dyadic in [s, t]
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Define the Stratanovich integral similarly except with

ra . B(t;) + B(tis1
At =iy BB gy )
t; dyadic in [s, t]

For the sake of definiteness, assume s = 0. For diagonal terms, we have

A = lim By (t:)(Br(tiv1) — Br(ti)),
{t:}=Dn
T Brti +Brtz’ Bt2—382
ARtrat = lim Z (t:) 5 ( +1)(Br(ti+l) — B, (t;)) = B{t)” — Bls)” 5 () .
{ti}=Dn
Observe that
t—s

(APt — Al0) (s, ¢) = hmz B(tiz1) — B, (1) = ,
where the last step is a theorem of Lévy. (The proof is to show that E[> (B, (t;iy+1) —
By (t:))? — (tix1 — ;)] — 0 as n — oo.) Hence,

w(, gy B> = B(s)* — (t—s)
A7I",r (87t) - 9 :

It remains to evaluate A, ,// AS“rat Basically, we have 2 independent, one dimensional
standard Brownian motions, say Band B’, and we want to calculate lim ), B'(¢;)(B(ti+1)—

B(t:)). Let
[t2m]—1

En<t)= Z B/(ti)B(ti,ti+1).

=0

First assume ¢t = 1, and let us examine

Bn—f—l — Bn = Z(B/(ti)B(tiSi) + B/(SZ‘)B(Si,ti+1) — B/(ti)B(ti,ti+1)),

%

where s; is the midpoint of [t;, tiy1].
= ZB ti, 3 317 z+1)

So

E[(Bn—‘rl ZE B/ tz: 31 (Su z+1)2]



= 3 g2t

9 N2

Hence, B,, is Cauchy in L?.

It turns out that B, as a function of time is a martingale, and we can take advantage
of this to have a better convergence. First, we set F; to be the o-algebra generated by
(B(s) : s €0,t]), and we say t — M (t) is a martingale if E[M (t) | F(s)] = M (s) for s < t.
Using Doob’s inequality, we can have convergence that is uniform in ¢:

(E

sup M (t)

P\ 1/p
D < LoE[MD)P),  p>1L
te[0,T] -

p
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